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Abstract. The local orientational order in binary liquid Li-In alloys at a constant temperature
has been systematically studied using molecular dynamics simulations combined with potential
mapping techniques. The generafized non-local model psendopotential theory has been chosen
as the fundamental theory for our calculation. Both the orientational order parameters and pair
analysis approach have been adopted to examine the characterization of structures in binary
liquid Li-In alloys. It demonstrates that the mapping procedure produces a significant image
enhancement of the short-range order, and the third-order invariant of the spherical harmonics is
much more sensitive to the icosabedral symmetry than is the quadratic invariant. In addition, the
bonded pairs with various symmetries, icosahedra, defective icosahedra, ete, formed in liquid
Li-In alloys are also examined and the relationship between these quantities and compositions
are investigated. The results further show that distributions of the attractive part of the potentials
play an important role in characterizing liquid structures, Finally, a detailed discussion of the
results has been given.

1. Introduction

The microstructure and dynamics behaviour of liquid metals are still current active topics
of research in the field of condensed-matter physics. For several decades, numerous
attempts have been made to reveal the relationship between the structure and force in
the liquid phase. .It is difficult to make an extensive study of this problem becanse the local
order in the liquid under normal conditions of thermal equilibrium reflects a compromise
between the energetically most favourable packing and thermally induced distortions [1],
and conventional energy minimization routines are often inappropriate [2].

In 1984, Stillinger and Weber [3-5], proposed a new approach which may allow us
to establish a unique structure—force relationship. The basic idea is to separate energy and
geometric packing considerations from the thermal excitations. This is achieved by mapping
the instantaneous configurations of the liquid onto nearby potential energy minima. The
appropriate mapping is achieved by the steepest-descent algorithm via a steepest-gradient
path to a nearby configuration at which the potential energy is locally a minimum, and the
inherent structure was verified for various systems considered by Stillinger and Weber [6].

It is well known that the radial pair distribution functions (RDFs) convey basic geometric
information about the atom arrangement in materials and thus have been widely used in the
research for disordered systems, such as in liquids, supercooled liquids and in amorphous
solids. However, for the physical origin of the second-peak splitting of the RDF in metallic
glasses and of the anomalous structure such as a shoulder appearing on the principal peak
of the structure factor, no apparent picture can be derived from the RDF at the atomic
level. The remarks made by Broughton er @l [7] on the RDF may be more relevant.
Broughton er al [7] argued that, since the conventional RDF is determined on the basis
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of the hypothesis that all pairs are assumed with equal weight in the average without regard
to their orientation, much information is lost in the RDF. Thus the structure of a liguid
cannot be completely described by only the RDF. In contrast with this, several studies have
been made by Steinharde et al {8, 9] on the basis of the bond orientational order approach
which has now been widely applied in the relevant area, e.g. to supercooled liquids and
amorphous solids. The method can indeed provide a useful insight into our understanding
of the microstructure of liquids at the atomic level. Another interesting method called
the pair analysis (PA) technique developed by Honeycutt and Andersen [10] is thought to
be capable of providing an apparently physical picture about the atom arrangement. On
the basis of this method, Lu and Szpunar [11] and Wang and co-workers [12-14] have
examined the characteristics of the Jiquid-to-glass transition and give the trends of various
symmetries of bonded pairs defined by the PA approach. Qi and Wang [15] first employed
the PA technique to detect and count icosahedra, defective icosahedra and Frank—Kasper (FK)
polyhedra in supercooled liquid and amorphous MgszgCaz alloy. Recently, Liu et af [16]
have reported that the second-peak splitting of the pair correlation function in supercooled
liquids and amorphous solids is due to the occurrence of the icosahedral cluster; then they
further demonstrated that a shoulder appearing on the high-wavelength number side of the
structure factor of pure liquid indium is associated with 1311 bonded pairs [17].

It is known that lithium is a typical simple metal and can be well described by the hard-
sphere model, whereas indium is a polyvalent metal and exhibits an anomalous structure
feature compared with the simple metal. Thus some interesting structures may appear when
they are mixed together. Exploring these structure characteristics is the main subject of
our research. In the present paper we adopted both the bond orientational order and the A
technique to reveal these features by molecular dynamics (MD) simulation combined with
potential energy mapping,

2. Effective interatomic potential

In this paper we use the effective interatomic potentials derived from the generalized
non-local model pseudopotential (GNMP). The derived pseudopotential contains a detailed
concentration dependence. This method has been well documented elsewhere [18, 19]. The
GNMP has been well applied to the investigation of liquid metallic structures, electronic
transport and even liquid-to-glass transition. This is the main reason that we chose the
GNMP as a fundamental of simulation. The effective pair potential derived from the GNMP
takes the form

) L'Ze ; - &
V.-,-(r>=5%(1—w ! fu dg LF; @) + F(@)] M

sin(qr))
q

where Z.y; and Z.g; are the valence of effective ions; Fi;(g) or Fji:(g) stands for
the normalized energy wavenumber characteristics. As an example, effective interatomic
potentials for binary Li-In alloys at specially selected compositions are shown in figure 1.
The concentration dependence of the pair potentials is very much as expected. It is clear
that Vipin(r) has a much narrower and deeper minimum than do the other two pairs and,
with the increasing In concentrations, this attractive part becomes broader and shallower.
At an In content of more than 70 at.%, the attractive part of potentials for unlike pairs, say
Li-In pairs, however, exceeds those of the other two pairs. This large potential difference
must induce structures to change on a large scale, which is the main subject that we explore.
In the simulation of our research, when atomic volumes are not avajlable in the experiment,
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we determine them in the manner given by Wang and Lai [20]. The atomic volumes thus
obtained for the Li-In alloys of interest are in error by an amount which is expected to be
about 10% or less, as stated by Wang and Lai [20]. Hence, the interatomic potentials show
a pronounced dependence upon the composition and the atomic volume of the alloys, and
also the relative depths of the three potentials vary with composition.

3. Molecular dynamiecs simulation and potential mapping

MD simulation, ficst developed by Alder and Wainwright [211 and later extended by Verlet
{22], is potentially capable of providing-very detaiied microscopic features of metals and has
been used to investigate liquid structure, glass formation and several relevant aspects. In the
present paper we performed a NVT MD simulation at a constant temperature (924 K) for a
total of 500 particles (including different types of atoms) in a cubic box subject widely nsed
period boundary conditions for all cell faces. The initial positions of atoms are randomly
chosen, and the equations of motion of atoms are solved using the Verlet algorithm with
momentum scaling. The time increment is 0.32 x 107'% 5. Typical runs take 3 x 10° steps
for equilibrium in order to guarantee the equilibrium state. 20 configurations of atoms are
recorded during simulation. Then the steepest-descent energy minimization procedure with
the conjugate gradient is imposed on each of those configurations. Finally the PA techniques
are performed in a separate program. It should be pointed out that our results are averaged
over 20 configurations and the calculation is in atomic units. All the calculations were
performed on a DEC 5000/125 workstation in our Iaboratory.

4. Geometric description of orientational order

The importance of local orientational symmetries in three dimensions was emphasized over
40 years ago by Frank [23]. Three-dimensional bond orientational order has been studied
theoretically by Nelson and Toner [24]). Since then Steinhardt er af {91 have applied it in the
simulation of a supercooled Lennard-Jones liquid and in the examination of the possibility
of Jocal and extended icosahedral bond order. For realistic metals or alloys, much less is
known about their three-dimensional order, Thus, in ovr present research, we shall measure
local orientational symmetries in the computer-generated models of binary liquid Li-In
alloys. However, our attention is restricted to various icosahedral symmetries, FK polyhedra
and Bernal hole polyhedra defined by the bond orientational order and the PA approach
respectively.

In liquid metals, any two atoms form a bond if they are within a distance chosen to
equal the first minimal positions of g(r). The bond is described in terms of orientational
order parameters Oy, :

Oun(r) = ¥in00) @) m=—1,...,0,....1 @)

where ¥, (8(r), ¢(r)) are spherical harmonics; & and ¢ are the polar angles of the bond
measured with respect to some coordinate system.

In the case of a cluster of particular interest, the averaged orientational order parameter
should be considered

Qim(r) = (Qum(r)) 3)
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Figure 1. Effective interatomic potentials for binary liquid Li-In alloys at selected compositions
and at 924 K: —, Wi_ui{r); ---- VLi-m(); = = = V- (7).

where the average is taken over all bonds within the cluster. In order to eliminate the
dependence of Qi on a special coordinate system, it is important to consider the rotational

invariant combination

4 ! . 1/2
o= (2z+ 1 m;mm) : (4)

It is clear to see that () is a quadratic invariant of Q_{m. For icosahedral symmetry, jt
suffices to calculate the orientational order parameter Ws, which i3 very sensitive to the
icosahedral symmetry suggested by Steinhardt. W, which is the third-order invariant of

Cim, 1s defined as

. 6 32
Ws = We / ( > |Qem12) (5)

m=—6

in which

m; M, om

W6 = MI;’HZ [ 6 6 63 } Q6m1 Qﬁmz QGJT!;'

Myt =0
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Figure 2. Orientational order parameters (g, the quadratic invariant of spherical harmonics,
versus In content (a} before the mapping and (b} after the mapping: A, ICOS Og; O, DEF Qg;
O, TOL Q.

This quantity is normalized so that it is independent of the overall magnitude of the { Q. ).
The order parameters Qg and Ws measure the icosahedral ordering to some extent, as argued
by Steinhardt et al [9].

In the present paper, we examine the local symmetry of atomic clusters by a sequence
of four integers. Following Honeycutt and Andersen [10], the first integer, either 1 or 2,
indicates the cluster type, i.e. whether or not the atoms cormprising the root pair are near
neighbours. The second integer represents the number of near neighours shared by the
root pairs. The third integer represents the number of bonds between the shared neighours.
These three numbers are not sufficient to characterize local symmetry vniguely; so a fourth
integer, whose value is arbitrary as long as it is used consistently, is added to provide a
unique correspondence between numbers and local symmetry as suggested by Honeycutt
and Andersen (figure 3 in [10]}. From this, if two atoms are within a given cut-off distance,
here chosen to equal the position of the first minimum in the appropriate PDF, we say
that these two atoms form a bond. Based on the Pa formula, the fivefold symmetry bond
plus other different kinds of bond can be obtained by computer. The 1551 bonded pairs
represent the two root-pair atoms with five common neighbours which have five bonds
forming a pentagon of near-neighbour contact., A similar analysis holds for 1441 bonded
pairs, 1661 bonded pairs, etc. It is necessary to point out that the number of 1551 bonded
pairs in a liquid is a direct measurement of the degrees of icosahedral ordering. By using
the PA formula, we can count several polyhedra with various symmetries. If only the centre
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Figure 3. Crientational order parameters We, the third-order invariant of spherical harmumcs
versus In content, ie. (2) ICOS Wi (B.00) and (5 DEF Ws (A, A) and TOL Wc, (®,0)
B, &, ®, results after the mapping; T, A, O results before the mapping.

atom has 12 neighbouring atoms, they are all joined to the centre atom by 12 1551 bonded
pairs; we say that they form an icosahedron. Similarly, if the centre atom has 14 {or more)
neighbouring atoms, 12 of which are joined to the centre atom by 12 1551 bonded pairs and
two (or more) of which are joined to the centre atom by two 1661 bonded pairs, then they
define a FK polyhedron with the coordination number Z = 14. For other FK polyhedra with
different coordination numbers the definition still holds. In the same way, we can define a
Bernal hole polyhedron [15]. In addition, a polyhedron consisting of only 1551, 1441 and
1661 bonded pairs is called a defective icosahedron.

5. Results and discussion

5.1. Bond orientational order

Figure 2 represents orientational order parameters, evaluated from equation (4), for binary
liquid Li~In alloys both before and after potential mapping. It is clear that the short-
range order has been enhanced after mapping onto the minima. In addition it can be
seen that the icosahedral order parameters Q¢ (the icosahedral order parameters Qg are
obtained by calculating Qs within the icosahedra defined in section 4 and are hereafter
denoted ICOS Qp) decrease slowly within the In content range from 10 to 70 at.%, i.e.



Local orientational order in liquid Li-In 323

- 1400
50
A |
oy ‘\A "
. 0f A
1200 . il P N
'.'_ E ‘.

n Y\ @80k
A 2
S 1000 |- -
R J’os‘ 20
= x=
z
£ 800 - A 10
9 |
=] y
-t
B 600 -
-y
—
o
=
S 400 -

200 |-

— )
(a) —
0 T T T T T T T 7 e
4] 10 20 30 40 50 80 70 B0 90 100

Figure 4. 1551 bonded pairs in binary liquid Li~In alloys, before (O) and after (4) the mapping
(a) the total numbers in the system; (£} the relative number,

no obvious variations in ICOS Qg are observed; this primarily suggests that the 1COS
Qg 15 not very sensitive to the icosahedral symmetry compared with ICOS Wy discussed
below (see figure 3). For an In content greater than 70 at.%, ICOS (g, however, sharply
vanishes, indicating that no icosahedra exists. Other order parameters such as the defective
and total icosahedral symmetry Qg (in the present paper the defective icosahedral ordering
parameters are calculated for defective icosahedral clusters as defined in section 4 and the
total icosahedral ordering parameters are calculated for any clusters without distinguishing
whether they are icosahedra or not, thus we designate the defective ‘and total icosahedral
ordering parameters as DEF 04 and TOL Qg, respectively) vary little thronghout the whole
composition range of interst. Thus no essential information about structure characteristics
can be obtained from these two order parameters; this may be due to the definition of the
polyhedra by the pa formula. It also reflets the limitation of the orientational order parameter
s. DEF W5 and TOL W6 are, however, more sensitive to various icosahedral symmetries
when compared with (¢ and the results for We are shown in figure 3. The more negative
Wg, the more nearly perfect are the icosahedra. For an ideal icosahedron, the absolute value

of Ws ‘has the maximum 0.169754 [9]. It is clear from the relatively sharp minimum of
TOL W that icosahedra formed at around 30 at.% In are on average more nearly perfect
than those for the other In content ranges before mapping. The corresponding W; for the
mapping results are also shown in figure 3(b). It is observed that the short-range order of
icosahedral symmetries for the whole system can be enhanced by varying TOL W, but the
defective icosahedra seem to change slowly as before. Figure 3(a) shows ICOS W, versus
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In content. As expected, the short-range order of icosahedra is enhanced after mapping onto
the minima. 'We say that the third-order invariant of the order parameter JICOS W is also a
direct measurement of the degree of perfection of an icosahedron detected in the simulation.
In addition, we find that the most nearly perfect icosahedra in binary Li-In alloys occur at
around a lower In concentation of, say, 10 at.% rather than around 30 at.%. This feature
should be attributed to the most attractive part of the In—In pair potential, which is the main
aim of our research.

5.2. Pair analysis procedure

Figures 4(a) and 4(b) show the total number of 1551 bonded pairs in the whole system
and the relative number, respectively. The maximum number of 1551 bonded pairs occurs
at around 20 at.% In rather than 10 at.% In. This indicates that, although the most nearly
perfect icosahedra are detected at 10 at.% In, it does not mean that 1551 bonded pairs reach
the maximum; this may be due to the relatively low In concentrations. This could also
explain the number of icosahedra (see figure 6). Thus it confirms that 1551 bonded pairs
are a direct measurement of the icosahedral symmetry. In addition, the 1541 and 1431
bonded pairs which describe the characterization of short-range order in a liquid to some
extent [14] are also counted and shown in figure 3. One point to note is that the 1541 bonded
pairs differ from the 1551 bonded pairs obtained by the PA formula, but this difference cannot
be distinguished by the Voronoic cell method. As in the Voronoic cell method, 1551 and
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Fipure 6. Number of icosahedra and defective icosahedra versus In content, before () and
after (A) the mapping.

1541 bonded pairs are the same so that the PA formula may be said to be a development
of the Voronoic method in some senses. Furthermore, we find that the trends of 1541 and
1431 bonded pairs are similar to those of 1551 bonded pairs, except for the positions at
which they have the maximum number of the bonded pairs. Figure 6 gives the relationship
between the number of icosahedra and In content. The maximum number of icosahedra is
found at around 20 at.% In. This is of course related to the deeper and narrower attractive
part of the In-In pair potentials. The results in figure 4 supports the phenomenon. It also
tells us that, although the maximum is reached at this In content, the icosahedra detected are
not the most nearly perfect. The number of defective icosahedra are also shown in figure 6.
‘We find that the maximum number of defective icosahedra are obtained at around 25 at.%
In rather than 20 at.% In, which is different from the results in figures 4 and 5. From
the definition on the defective icosahedra by the PA approach, this reflects the competition
between the 1551 bonded pairs and othier bonded pairs, such as the 1541 and 1431 bonded
pairs. Naturally, it demonstrates the fact that the variation in potential distribution induces
a change in the symmetries of the bonded pairs. Accordingly, it induces an evolution in the
structure of liquids. Double icosahedra (two icosahedra with 19 atoms with one common
face) are also counted in our PA program, and figure 7 shows these results. It is found that
the number of double icosahedra are greater than the number of icosahedra counted as in
fignre 6 except for the same trends which two _types of polyhedron follow. This prompts us
to examine the common faces probably shared by different icosahedra. Figure 7(5) gives
just this result; it follows the same trends as in figure 6. It demonsirates that the icosahedra
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Figure 7. Number of double icosahedra and common faces shared by different icosahedra versus
In content, before ([J) and after (&) the mapping.

formed in Li-In alloys are mostly double icosahedra with common faces and thus they

interpenetrate each other frequently. This may be a characteristic of the structure in Li=In
alloys at the present temperature and compositions.

Figure 8 represents the number of FK polyhedra and Bernal polyhedra versus In content.
‘We find that the number of FK polyhedra follows similar trends to figure 6, although the
number is much less than the number of icosahedra. Bernal polyhedra, however, have
different features, and, within the whole composition range, few Bernal polyhedra occur,
even compared with FK polyhedra.
It is well known that the smaller atoms prefer to locate at the centres of icosahedra in

order to satisfy the rule for icosahedral packing. In our present case the In atom is larger
than the Li atorn (but this difference between the two atomic sizes is not very significant).

Figure 9 represents the number of both smaller and larger atoms (Li and In) at the centres

of icosahedra. It is observed that the number of smaller Li atoms at the icosahedral centres

is much less than that of the relative larger In atoms, and the maximum number of atoms at

icosahedral centres ocours at around 20 at.% In. If we pay more attention to the distribution
of pair potentials in figure I and results in figures 4 and 6, then figure 9 is transparently
easy to understand. It further indicates that the potential distribution may dominate the
arrangement of centre atoms without regard to the requirement of geometrical size. Thus,
in our present case, icosahedra formed in Li-In alloys in the vicinity of 20 at.% In are
mostly those in which the centre atoms are the relatively larger In atoms.

It is necessary to point out that the number of 1551 bonded pairs before mapping
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Figure 8. Number of Fx polyhedra and Bernal hole polyhedra versus In content, before ([J) and
after (A} the mapping,

exceeds that after mapping, contrary to the results in the In content range less than 70 at.%.
We can explain this with the help of the nature of the inherent structure and the potential
distributions of alloys (this phenomenon is also seen in figure 5). Within the In content
range from 10 to 70 at.%, especially in the vicinity of 20 at.%, the distribution of pair
potentials {the most attractive part of In-In pairs) supports icosahedral symmetry. This
conclusion has been confirmed in our previous analysis. It leads to the enhancement of
short-range order of icosahedra after mapping. In the In content range from 70 to 100 at.%
(pure In metal), however, the In-In pairs become broader and shallower, and the behaviour
of pure liquid In occurs; thus the 1311 bonded pairs will play the dominant role [11]. As
a result, the number of 1551 bonded pairs sharply decreases more than before mapping.
This may be a further test of the concept of the inherent structure. Figure 10 shows both
1321 and 1311 bonded pairs versus In content. Firstly we say that these two bonded pairs
differ from each other in the samé way as we have explained for 1551 and 1541 bonded
pairs. Secondly a feature appears if one pays more attention to figure 10. It is observed
that within the whole composition range the number of 1321 bonded pairs before mapping
is more than that after mapping; this gives rise to the conclusion that the pair potentials of
Li-In alloys do not support 1321 bonded pairs in some senses from the viewpoint of the
inherent structure. In figure 10, we find another feature which may differ from 1321 bonded

pairs. If we consider the In content range from 10 to 50 at.%, as explained in the previous

section, pair potentials do not support 1311 bonded pairs within the In content range from
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Figure 9. Number of smaller (Li) and larger (In) atoms at the centres of icosahedra versus In
content, before ({0} and after (A) the mapping.

60 to 70 at.%; the competition may get the balance. This reflects the fact that these two
values achieve equilibrium. When the In content exceeds 70 at.%, 1311 bonded pairs play
the dominant role in the systern. This may be another characteristic of the structure of liquid
Li-In alloys.

6. Conclusions

Based on the effective interatomic potentials derived from the GNMPs, MD simulations
combined with potential mapping techniques have been performed to investigate the
characterization of structures in binary liquid Li-In alloys. Qur results demonstrate that the
orientational order parameter W, which is a third-order invariant of the spherical harmonics,
is more sensitive to the icosahedral symmetry than is the quadratic invariant Qg and, after
mapping the potential minima, the short-range order of the structure has been enbanced.
Within the In content range greater than 70 at.% In, no icosahedra exists, and the maximum
number of icosahedra formed in binary Li-In alloys is found at around 20 at.% In and the
characteristics of 1551 bonded pairs confirm this conclusion; the reason may be attributed
to the potential distribution, e.g., relatively deeper and narrower attractive part of Vi,_y,.
In addition, FK polyhedra and Bernal polyhedra are also counted, and the FK polyhedra
follow similar trends to the icosahedra. Bemal polyhedra, however, behave differently
when compared with the behaviour of icosahedra.



Local orientational order in liguid Li-In ' 529

30

<115
-
5
25k 3 A
10 e
n 1 QD o
= 3
o 5 ]
=" =
o 20T 5 o
[} [
@ -
8 g
Q
“ish =
— I
—]
o [}
—
L]
o0
)
et
5 -
a (G)
U T T 1 i 3 1 T T [}
0 10 20 a0 40 50 60 70 80 90 100
atx In

Figure 10. Number of £311 and 1321 bonded pairs versus In content. before {OJ} a;d after (A)
the mapping.

In our present study, the results further show that 1311 bonded pairs dominate when the
In content is greater than 70 at.%; this may be due to the behaviour of pure In metal. For an
In content greater than 70 at.% In, the number of 1551 bonded pairs before mapping exceeds
the result after mapping, leading to the conclusion that the potential at this composition
naturally supports 1311 bonded pairs rather than 1551 bonded pairs; similar phenomena
for 1541 and 1431 bonded pairs are also observed. The maximum number of double
icosahedra is greater than that of single icosahedra; this can be confirmed from the relative
larger number of common faces shared by different icosahedra. The number of larger In
atoms located at the centres of icosahedra is much greater than that of smaller Li atoms.
The reason may be due to the more attractive part of the potential for In-In pairs.
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